
I N T E R P O L A T I O N  F O R M U L A S  F O R  M A X W E L L  V I S C O S I T Y  

O F  C E R T A I N  M E T A L S  A S  A F U N C T I O N  OF S H E A R -  

S T R A I N  I N T E N S I T Y  A N D  T E M P E R A T U R E  

S.  K .  G o d u n o v ,  A .  F o D e m c h u k ,  
N.  S.  K o z i n ,  a n d  V~ I .  M a l l  

UDC 539.3+536.2 

The purpose  of this s tudy is the const ruct ion of interpolat ion fo rmulas  fo r  the dependence 
of Maxwell v i scos i ty ,  a quanti ty which is the r ec ip roca l  of s h e a r - s t r a i n  re laxat ion t ime  ~, 
on s h e a r - s t r a i n  intensi ty  and t e m p e r a t u r e  for  s eve ra l  me ta l s :  i ron,  a luminum,  copper ,  
and lead.  This function was in terpola ted  in var ious  t e m p e r a t u r e  and deformat ion  veloci ty  

r a n g e s  i n a c c o r d a n c e w i t h  avai Iable  exper imenta l  data fo r  i ron (0 -< ~ -< 10 ~ sec  - i ,  200 ~ -< 
T <- 1500~ a luminum (0-< ~-< 107 sec -1, 300~ T _< 900~ copper  (0--  ~ -  105 sec -i ,  300~ 
T -< 1300 ~ ; lead (0 -< e - 106 sec -1, 90 ~ -< T -< 400 ~ ; t e m p e r a t u r e s  in ~ 

A s y s t e m  of di f ferent ia l  equations for  the nonl inear  theory  of e las t ic i ty  in i so t rop ic  media  was f o r -  
mula ted  in [1]. Such a medium is c h a r a c t e r i z e d  by an equation of s ta te  E(I1, I2, I3, S) fo r  the dependence of 
the in ternal  energy  pe r  unit m a s s  on the invar iants  I1, I2, I3 of the deformat ion  tensor ,  the entropy p e r  unit 
m a s s  S, and the "maxwel l  v i scos i ty"  X. 

To comple te  the s y s t e m  of different ial  equations [1] it is n e c e s s a r y  to know the internal  energy  and 
s t r e s s  re laxa t ion  t ime  ~ as functions of the p a r a m e t e r s  of the med ium.  Interpolat ion fo rmulas  fo r  the 
in ternal  energy  E (equation of state} w e r e  p re sen ted  in [2]. The equations developed in this p r e sen t  study 
toge ther  with the resu l t s  of [21 complete  the s y s t e m  of equations of [llo 

The l i t e r a tu r e  has  examined the dependence of the dynamic c reep  l imi t  ag and the yield s t rength  o33 
on deformat ion  ra te  ~ (see sec t ion  3). Since the dynamic s t r e s s e s  ~g and 033 a r e  of the s ame  o rde r  [3] and 
define the intensi ty of shea r  s t r a in  in the medium,  while ~ defines the ra te  of p las t ic  deformat ion  occur r ing  
in the med ium,  we will a s s u m e  that the c h a r a c t e r i s t i c  t ime  of p las t ic  re laxat ion p r o c e s s e s  will be d e t e r -  
mined  by �9 = ~-1  ~ = ~ (a, T), where  ~ i s  the shea r  s t r a in  intensi ty.  

1. We p re sen t  below fo rmulas  fo r  the quantity X = ~_1 in sec  -1, the Maxwell v i scos i ty  

] 6 ~n(T) ( U (~, T) ) 
(1.1) 

n(2")= no T - - n ~  +n~ , U ( z , T ) = e 0  2[n(r) F ( r ) ~ ( z ) ]  

F (T) = (F o - -  F~T / 0o) T / 0o, r (~) = r o [r (or) - -  V"~ ~ (o) + agx] 
q9 (~) = q%ln [(a / poeo 2) ql + %, a = {1/2 [a~ - -  %)2 + (% _z3)~ + (as --  cl)2]},,, 

He re  T is t e m p e r a t u r e ;  #, m o l e c u l a r  weight; Oo, Debye t e m p e r a t u r e ;  P0 and co, density and veloci ty  
of longitudinal waves  under  normal  conditions; a, shea r  s t ra in  intensi ty,  where  cry, ~2, cr~ a r e  the main  
s t r e s s e s ;  R = 8.31" 10 ~ e r g / d e g - m o l e ,  the un iversa l  gas constant;  the values  of the dimensional  quanti t ies 
P0, e0, 00, and # a r e  p re sen ted  in Table  1, and the interpolat ion constants  q, no, nl, n2, F0, FI,  q~0, ~1, ~P0, 
~Vl a r e  tabulated in Table  2. 

The fo rmula  fo r  U contains a minus  sign in the case  of lead, a plus sign for  the remain ing  me ta l s .  
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T A B L E  1 

g/era ~ kg/sec 0o, ~ g/mole 

~e 
AI 
Cu 
Pb 

7.8~ 
2.785 
8.90 

11.34 

5.694 
6.125 
5.651 
2.15t 

420 
390 
3t5 , 
88 

55.85 
26.98 
63.5~ 

207.2t 

T A B L E  2 

Fe A1 Cu Pb 

q 
n0 
n l  
n$ 
F0 
Ft 
(D0 
(D1 
r 

2.6.t04 
0.0434 
t.545 
0.03 
7.12.10-3 
t.89.10-3 
1.37.i0-~ 

14.t5 
7.85 
--32.5 

1.06.t0~ 
0:0462 
2.57 
0.01 
1.18.10-2 
4.77.10-3 
3.t9.10-a 

53.t 
2t.25 

--59.7 

t.97.10~ 
0.0202 
0.955 
0.035 
7.t5.t0-s 
0.99-10-a 
0 
0 
0 
0 

0.535.t04 
0.00804 
0 
0.01 
t.6.t0-3 
0.294.i0-~ 
2.6.10-3 

t0.t5 
t4.9 
--91.0 

T A B L E  3 

kg/mmZ _1 sec m o m 1 

Fe [ tt2 
A1 t3 
Cu 26 
Pb 

2.5t5.i07 
3.98.t0 s 
t.0.t05 
3.t65.t05 

7.75.t0-~ 
t2.6-t0-~ 
7.4.t0-~ 
3.96.10-~ 

t .023 
0.9t9 
t .t21 
t .023 

The  fo rm of the  i n t e r p o l a t i o n  f o r m u l a s  was  chosen  
c o m m e n c i n g  f r o m  the g e n e r a l  f o r m  of the  func t ions  ~ = ~ (a, 
T) p r e s e n t e d  in [4, 5] 

= ~o (c~ / (~o) ~ exp(--  UIz / BT) (1.2) 

where ~0 and a0 are  cer tain interpolation coefficients.  

2. In [6] experimental  data were presented for  iron, 
a l u m i n u m ,  and c o p p e r  in a s tudy  of t he  funct ion  .~B = o3~ (s 

T) in the  r a n g e s  1100 ~  T - <  1500 ~  0-< ~ - < 1 0 3 s e c  - 1 , 5 0 0  ~  T - <  900 ~  0 -<~ -< 10 s e c - ' ,  
700 ~  T -< 1300 ~  0 -<~ -< 103 s e e  - i  , r e s p e c t i v e l y .  

The  e x p e r i m e n t a l  r e s u l t s  w e r e  i n t e r p o l a t e d  with  the  f o r m u l a  

(rB = a0 (s / ~0) ~(T), ~ (T) ---- m o (T / 00 - -  ml) (2.1) 

The values of the constants e0, a0, m0, ml a re  presented in Table 3. The basic mater ia l  studied in 
[6] was lead for the hardness of which H k an interpolation formula analogous to Eq. (2.1) was constructed. 
The tempera ture  and deformation rate in the experiments of [6] was 

300 ~  T~<500  ~  0 ~ < ~ < t 0 3  see "I 

It was  e s t a b l i s h e d  f r o m  the  c o i n c i d e n c e  of the func t ions  f o r  h a r d n e s s  H k and s t r e n g t h  o B tha t  in the  
g iven  d e f o r m a t i o n  r a t e  r a n g e  r and  H k a r e  p r o p o r t i o n a l .  We note  tha t  Eq.  (2.1) i s  va I id  f o r . T  > 00. Since 
f o r  F e ,  A1, and  Cu 00 > 300 ~ s u p p l e m e n t a r y  i n f o r m a t i o n  on the  t e m p e r a t u r e  funct ion  Crg = Crg(~, T) f o r  T < 
0o, is  n e c e s s a r y .  F o r  c o n v e r s i o n  of the  H k va lue  to ~B fo r  l e a d  i t  i s  n e c e s s a r y  to know the v a l u e s  of the  
p r o p o r t i o n a l i t y  c o e f f i c i e n t .  T h e s e  da ta  w e r e  p r e s e n t e d  in [4] w h e r e  c o m p a r a t i v e  g r a p h s  of H k and 0]3 
v e r s u s  ~ f o r  i r o n ,  c o p p e r ,  a l u m i n u m ,  and l e a d  at  300 ~ K w e r e  p r e s e n t e d .  

The  func t ion  o-B(~ , T) f o r  m i l d  s t e e l  was  s t u d i e d  in [7]. The  t e m p e r a t u r e  r ange  was  195 ~ K -< T -<- 
713 ~ K and d e f o r m a t i o n  r a t e  r a n g e  was  0 -< ~ -< 105 s e c  -1. Re su l t s  of the  e x p e r i m e n t s  which  w e r e  p e r f o r m e d  
wi th  b a r s  a r e  p r e s e n t e d  in F i g s .  1 -4  f o r  v a r i o u s  t e m p e r a t u r e s  and c o o r d i n a t e s  (log ~, l og  cO w h e r e  cr is  
the  y i e l d  s t r e s s .  In F i g s .  1-4  the  va lue  of ~ is  in s e c  -i and  a is  in k g / m m  2. 

T h e r e  is  l i t t l e  da ta  in the  l i t e r a t u r e  on the  changes  in p a r a m e t e r s  of the  s t r e s s e d  s t a t e  of m e t a l s  in 
the  d e f o r m a t i o n  r a t e  r a n g e  a b o v e  105 s e c  -1. To e s t i m a t e  the  i n t e n s i t y  of the  s h e a r  s t r a i n  in th is  c a s e  i t  is  
p o s s i b l e  to u t i l i z e  a v a i l a b l e  m e t a l  v i s c o s i t y  v a l u e s .  As  was  shown in [8], ~g ~- pv~, w h e r e  v is  the  k i n e -  
m a t i c  c o e f f i c i e n t  of v i s c o s i t y  of the  m e t a l .  

T a b l e  4 shows  v a l u e s  of v and  ~ f o r  a l u m i n u m  and s t e e l ,  o b t a i n e d  by p r o c e s s i n g  of e x p e r i m e n t a l  data  
on r e g i s t r a t i o n  of p l a n a r  c u m u l a t i v e  f lows f o r m e d  by obl ique  i m p a c t  of p l a t e s  d r i v e n  by a de tona t ion  wave .*  

*V. I .  Mal l ,  A Studv of Meta l  F low u n d e r  E x p l o s i v e  L o a d i n g ,  C a n d i d a t e s '  D i s s e r t a t i o n ,  N o v o s i b i r s k  (1973). 
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T A B L E  4 

Steel 3 

�9 1 e-lO", sec" "~-iO-L cruz/ 
s e c  

3.3 4 
7.2 3 
7.5 2.5 

15.2 i .8 
27.5 i .3 
58.5 i.3 
t37 t.2 

A1 

10 S ' ~.10-L cm2/sec . .  - , ~ e ~  - ~  

7 5 
'6.9 4.6 

i2 3.7 
2t.2 3.t 
39 2.9 
97 t .9 
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De t e rmina t i on  of v i s c o s i t y  coeff ic ients  is based  on the 
a s s u m p t i o n  that  d e c r e a s e  in flow ra t e  in c o m p a r i s o n  
to the ra te  p r ed i c t ed  by accumula t i on  t heo ry  f o r  smal l  
va lues  of col l i s ion  angle and contac t  point  ve loc i ty  
o c c u r s  b e c a u s e  of the ac t ion  of v i scous  f o r c e s .  

Expe r imen t a l  r e su l t s  taken f r o m  [4, 6, 7, 9] a r e  
p r e s e n t e d  in the f o r m  of g raphs  in F i g s .  1-3 fo r  i ron ,  
a l uminum,  and lead .  

3. The expe r imen ta l  r e s u l t s  p r e s e n t e d  in F igs .  
1-3 indicate  tha t  the curve  log a = f(Iog ~) at  cons tant  
t e m p e r a t u r e  may  be divided into two p a r t s ,  each  of 
which m a y  be r e g a r d e d  as  a s t r a i g h t  l ine.  The f i r s t  
po r t i on  of the de fo rma t ion  r a t e  f o r  i ron  (a -< 104 sec-1) , ,  
a luminum (~-<103 sec '~) ,  coppe r  (~ -<105 sec-1) ,  l ead  
(~ -< 10 s e c  -1) is d e s c r i b e d  s a t i s f a c t o r i l y  by the fo rmula  

= [--~--~ - q ii'~XT) exp (-- i (T) /9  (T)) 
\ :~oco "~ i 

I T  ~2 T ~ ( T ) =  noi-~--ni) + n2= n-i(T), / ( T ) =  Fo--  Fi-~o 

F i g u r e s  4, 5 show the funct ions  fl(T) and f(T). Points  on the cu rve  c o r r e s p o n d  to expe r imen ta l  va lues  
fo r :  1) i ron;  2) copper ;  3) a luminum;  4) lead .  

The  high s c a t t e r i n g  of the expe r imen ta l  data of Fig .  5 f o r  i ron  is due to va r i a t ions  in the expe r imen ta l  
me thods  used  and d i f f e rences  in the m a t e r i a l  employed .  

To d e s c r i b e  s as  a funct ion of G in the second  in te rva l  (for i ron  s > 104 sec  -1, fo r  a luminum ~ > 103 
s e c  - I ,  f o r  l ead  ~ > 10 s e c  -1) in Eq. (1.1) we in t roduce  a c o r r e c t i o n  f a c t o r  of the f o r m  exp(-- ~ ( G ) / R T / ~ ) ,  
w h e r e  @ (G) is d e t e r m i n e d  f r o m  Eq.  (1.1). 

The f o r m  of the c o r r e c t i o n  f a c t o r  is d e t e r m i n e d  by cons ide ra t i ons  of the gene ra l  f o r m  of the  funct ion 
= ~ (cr, T) ,  men t ioned  in  s ec t ion  1o I n t h e  a b s e n c e  of  da ta  on the  t e m p e r a t u r e  dependence  of s in the  second 

in te rva l  f o r  the funct ion �9 (~), it was  imposs ib l e  to c o n s i d e r  t e m p e r a t u r e  dependence .  
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No data for  the second section was found for copper  in the l i t e ra tu re  and thus, inEq.  (1.1) for  U in 
the case  of copper  no co r rec t ion  fac tor  was calculated. In this second interval  the form of the function for  
lead differs f rom that for  i ron and aluminum, the slope of log e = A(log or) in the second interval  is s t eeper  
than in the f i r s t .  This is accounted fo r  in Eq. (1.1) for  U by taking the s ign minus instead of plus.  
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